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Abstract. In this paper I discuss how to separate variables in path integrals. It is assumed
that a one-dimensional problem with potential V{(x) has an exact solution with energy
levels E, and wavefunctions ¥, . In order to perform the separation of variables, a time
transformation is performed back and forth in the path integral which allows one to insert
the path integral solution corresponding to the potential V(x). Furthermore, I illustrate
the method by discussing some specific potential problems on the Poincaré upper half-plane.
The first one is V,(x, y) = y*[ V(x)+(m/2)w’y?], whereas the second is given by Vy(x, y)=
y2(V(x)+ a/2my), which I call oscillator-like and Coulomb-like, respectively. V(x) is an
arbitrary one-dimensional potential. The various features of bound and continuous states
are discussed. We find for V| that if bound states are to exist the energy spectrum of the
one-dimensional problem, corresponding to V(x), must have at least one negative energy
level; for V, the existence of bound states is determined by the sign of e, i.e. @ <0isrequired.

1. Introduction

In this paper I develop a technique for separating variables in path integrals. For
convenience I assume that a quantum mechanical potential problem V(x) has an exact
solution with energy levels E, and wavefunctions ¥,. The level parameter A may
be discrete or continuous. By performing a time transformation in a path integral,
the potential problem V(x) is separated and its path integral solution can be in-
serted. Performing a second time transformation, which is in fact the inverse of the
first, the energy E, then appears as an additional potential term in the remaining path
integrations.

The motivation for developing such a technique emerges from the observation that
many recent path integral calculations for multidimensional problems can be sig-
nificantly simplified if a separation formula is available. Let us note, for example, the
papers of Carpio-Bernido et al [1] for axial symmetric problems, Chetouani et al [2]
for the Dyon, as well as the study of free motion on hyperbolic geometry [3, 4] (this
short enumeration is far from being complete!).

In ordertoillustrate the separation technique I discuss the path integral formulations
for two classes of potentials on the Poincaré upper half-plane U. The Poincaré upper
half-plane U is defined as

U={(x,y)ly>0,xeR} (1)
endowed with the hyperbolic line element ds
dx?+dy?
ds? = g,, dg® dg’ ==, 2)
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4886 C Grosche

This model for a non-Euclidean geometry has recently become important in the theory
of strings, where determinants of Laplacians on bounded domains on U arise in the
multiloop perturbation expansion [5-8] and in the theory of quantum chaos in the
connection with periodic orbit theory [9-12].

However, a study of the quantum mechanical properties on a curved space has its
own legitimations, especially in a path integral formulation, where the motivation lies
in the attempt to build up quantum mechanics ‘from the point of view of fluctuating
paths’ [13]. There are already studies of potential problems on spaces of constant—
positive and negative—curvature. Let us note the Kepler problem in a space of constant
positive [14] and negative [15, 16] curvature. The free motion on U without [4, 12]
and with magnetic field [17] has also been studied.

The first potential to be investigated is

Vi(x, y) =y2( v<x>+%1 wzyz) (3)

which I call oscillator-like. The specific shape of V(x) is left as general as possible.
The second potential, which I call Coulomb-like, is

Vi(x, y) =y2( V<x)+—“—). (4)
2my

We find that in order that bound states can exist, in the former potential V(x)<0,
whereas in the latter a <0 is required. Of course, these two potential problems are
instructive in their own right in order to gain some insight into the features of hyperbolic
geometry.

The further content of this paper will be as follows.

In the next section the technique of separation of variables in path integrals is
developed. In the third section the oscillator-like potential will be discussed and in
the fourth the Coulomb-like potential. The technique of separation of variables is, of
course, applied. The corresponding path integrals are exactly evaluated and the
wavefunctions and the energy spectra are explicitly stated. Whereas in the case of the
oscillator-like potential my discussion will be more detailed, including a discussion of
its connection to related problems, it is sufficient in the case of the Coulomb-like
potential to proceed quite straightforwardly.

Section 5 contains a summary. In appendix 1 the orthonormality of the wavefunc-
tions of the two potential problems is shown and in appendix 2 a dispersion relation
involving Bessel functions is proven.

2. Formulation of the path integral and separation of variables

Before going into the analysis of the two potential problems and the separation of
variables, let us sketch the formulation of path integrals on curved manifolds in general
[18-27] and on the Poincaré upper half-plane in particular. Let us consider the generic
case, where the classical Lagrangian is given by

La(q, §) =3mg.(9)4°4" - W(q) (%)

with the metric tensor g,,, the line element ds” = g,,dq°dq® and a potential W(q). The
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quantum Hamiltonian has the form

2 2

h h
H=—-—Ap+W(g)=-
2m

-1/2 ab_1/2
— £ g, + W 6
Py g8 3 (q) (6)

where A, g is the Laplace-Beltrami operator, g = det(g.), g% =(ga) ', and H, V and
g denote D-dimensional coordinates. One considers momentum operators

h T, 31
p=t(Lel)  r-toE )
i\ag® 2 aq

which are Hermitian with respect to the scalar product

(flsf2)=j. Ve dqfi(q)fq). (8)

The crucial point in the construction of the path integral is the ordering prescription
one should use in the Hamiltonian. One well known ordering rule is the Weyl ordering,
but I prefer an ordering prescription I called product ordering as used, for example,
in [28] and more systematically developed in [29]. Here it is assumed that g,, can be
written as gg = hachey, then

1
H=Ehacpapbhd’+ W(q)+aW(q) )
with the well defined quantum potential
hZ
AW:g_r;; [gabl—'arb+ z(gabrb)’a + gab,ab+2hachbc,ab _ hac,b _ hac’ahbc’bhbc‘a]. (10)

The resulting D-dimensional path integral has the form

(N/23D Ny _ ,
) Il JVg(q"’) dg"”’

Jj=1

K(q", ¢, T)= flviygc(

2mieh

7 N
xexp[i » (ﬁ hoe(qU )b (gl ) AgUIe AU
fl =1 28

—EW(q(”)—EAW(CI(“)>] (11)
Here ¢’ =q(t'+¢j), e=(t"—t')/N=T/N, Aq" = q""~ ¢~V in the limit N » . If

not noted otherwise, every path integral in this paper must be interpreted in terms of
(11). For gu, = f*8.5, AW turns out to be quite simple

D-2
AW =#’ 4-D)fi+ .
8mf4§[( )f,a 2jf,aa] (12)
For the Poincaré upper half-plane we obtain for the momentum operators
he _t (_3__ _l>
Px=7 5% Pr=3 ay y (13)

which are Hermitian with respect to the scalar product on U:

(fl,fz)=J de- (;_fo(x,y)fz*(x,y)- (14)
0

—C
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Functions fe L*(U) must satisfy the boundary conditions f- 0 for y -» 0. The Hamil-
tonian on U in the product ordering prescription is

242 2 2
R ) 1 _
S+ |+ V(x, y) == y(p2+pl)y + V(x, 15
Py <ay2 Py () =g y(pxtp)y+ Vixy) (15)
with AW =0 [cf equation (12)}!]. V(x, y) denotes some potential on the Poincaré upper
half-plane, e.g. the potentials of (3) and (4). Thus we can write down the path integral

on U in the ‘product-form’ definition, yielding
K", x',y", ¥, T)

N Ny > % )]

m . dy

=i d (j)J i
Nl-r.rgo (27Tisfz> jl;ll J’—m * o y(j)2

i N m A2x(}')+A2y(J)
Xexpl:—h'jgl (Z —W—SV( (J> (j))) . (16)

For solving path integrals several techniques must be applied. In particular I want to
study how to separate variables in path integrals. Let us assume that the potential
problem V(x) has an exact solution according to

J Dx(t) exp[ih J" (%1 ** = V(x))dt] =J dE, exp(—iE, T/ a)¥%(x)Y¥,(x"). (17)

Here | dE, denotes a Lebesque-Stieljes integral including discrete as well as continuous
states. Now we consider the path integral

K(ZU’ Z,’ x”, xl; T)

m ND/2 N—1 d )
= lim ( - ) l’[ J.f (Z(J)) H g(Z(J) dz(J)J H dx;(J)
2mieh k=1

N->x© 1

Jj=
i g m 4 (j—1) UINA2,0)) -1 ) d 2..04)
X exp % '21 3 '21 gi(z )gi(2)A% 2+ f(z )f(27) ¥ Afxy

J i= z

(€3]
(}lz((xm;Jr W(z (J))+AW(Z(”)>}} (18)

Here (z,x)=(z,x.) (i=1,...,d"k=1,...,d, d'+d = D) denote a D-dimensional
coordinate system, g, and f the corresponding metric terms, and AW the quantum
potential of (10). For simplicity I assume that the metric tensor g,, involved has only
diagonal elements, i.e. g,, = diag[g2(z), g5(2), ..., g%(2), f3(2),...,f*(z)]. Of course,
det(g.s) =911, g2 =f?*G(z). The indices i and k will be omitted in the following.
We perform the time transformation

‘" de
s=| 50—/ s"=s5(t"),s(t)=0 19
sz[Z(o)] 19
where the lattice interpretation is e/[ f(z"V) f(z"))]= 8 = 8. Of course, we identify
z(t)=z[s(t)] and x(t)=x[s(¢)]. According to Kleinert [30] the transformation for-

mulae for a pure time transformation are now given by

1 = .
K(z',z,x",x'; T)=——= J dE e 7*7'"G(z", 2, x", x'; E) (20)
27ih )

G(z', 2, %", x', E) =il(z) f(2)]' =" J ds" R(z', 2, %", x5 s") (21

1]
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where the transformed path integral K(s") is given by

K(z”,z,x,x 5"

2 oo o[58 )
Jde()@z() th)exph f() 4+ X Vix)

—f(z)( W(Z)"“AW(Z))*'-fz(z)E}ds}

=J dE, exp(—iE,s"/ )V (x"W,(x")K(z", z'; s") (22)
with the remaining path integration
Rz 25" = f vG(2)
K(z s") = ] 70 Dz(s)
><exp[1 J:) (';ﬁz ; —fA(z)(W(z +AW(z))+f2(z)E> ds]. (23)

Of course, in the path integrals (22), (23) the same lattice formulation is assumed as
in the path integral (18). Note the difference in comparison with a combined spacetime
transformation [13, 21, 31-33] where a factor [ f(z')f(z")]"? would appear instead. It
is also seen that for D =2 the prefactor is identically ‘one’. We perform a second time
transformation in K (s") effectively reversing the first:

= J' fz(w)] do o'=s" (24)

with the transformation on the lattice interpreted as o'/’ = 8/ f (2" 7") f(z'’). Therefore
we obtain the transformation formulae

R(z', 2 s"y=—— J dE’ exp(~iE's"/#)G(z", z'; E") (25)

—oC

G(z', 25 B) =il f(z) £ (z7)) P> f do” exp(iEa”/ W)K (2", 2'; ") (26)
0
with the transformed path integral given by

Ié(z”, z o) = J vG(z2) Dz(0)

xexp{-fi; Jj ( g%(z)#* - W(z)—AW(z)+fIfl)) do] (27)

Plugging all the relevant formulae into (20) yields
K(z', 2, x", x5 T)

=[f(z)f ()] J dE, ¥{(x)¥,(x")

X —— Jx do” Jx dE exp[—iE(c"—T)/h}

0 —x

x——J dE’ J ds”" exp[—is"(E, + E")/h] J vVG(z) Dz(0)

27 0

o

i m 20,052 E’
xeXP{h . <2g(z)z Wiz} ~AW(z)+ G )) ] (28)
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The do” dE integration produces just "= T, whereas the dE’ ds” integration can be
evaluated by giving E, + E a small negative imaginary part and applying the residuum
theorem, yielding E, = —E’ (for a similar discussion see, e.g., Chetouani and Hammann
[34]). Therefore we arrive finally at the identity

K(Zl/, z/’ x”, x!; T)

=[f(z)f(z)]7""? J dE, WX (x")W¥,(x" J vG(z) 2z(1)

im0 o _ __E
xexp[ﬁJl(zg(z)z W(z)—AW(z) fz(z)>dt]' (29)

Note that this result can be given a short-hand interpretation by inserting

d/2 .
m m | | |
(m) eXp[—h-(Z(SU) Azx(,l)_a(})v(x(.l)))]

- J dE,u exp(—=iE,n8/ h) W u(xV )W, 0(x') (30)

with 8= ¢/[f(zY~) f(z"")] for all j and applying the orthonormality of the ¥, in
each jth path integration. Equation (30) describes therefore a ‘short-cut’ to establishing
(29) instead of performing a time transformation back and forth.

3. The oscillator-like potential
According to the introduction, the path integral formulation for the potential
m
Vl(x,y)=y2( V(x)+7 wzyz) (31)

on the Poincaré upper half-plane is given by
K(x', %, 9",y T)

N Noy = x )

m - dy
= lim d [@2] J‘ —
N (27ri£ﬁ> jI=]1 ,[—ac * oy

PN [m A%D 420 . o ‘
Xexp{;}él [Z W—é‘ymz( V(x(”)+5 wzy(;)z) } (32)

I apply (29) for the x-dependent potential in order to separate variables, and obtain

K(x", x',y",y; T)= J’ dE, ¥X(x)¥\(x") K (v, ¥ T) (33)

with the path integral K, (T) given by

) m N/2 N1 [ dy(j)
KO ys T)=vy'y lim (Misﬁ) I j N
0

> j=1

i N/m AYY m o .
Xexp[};jg] (Eg W_SE‘U y —sEAy(’u) . (34)
This path integral can now be evaluated by two different methods:

(i) by a time transformation

(if) by a coordinate transformation.
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3.1. The time transformation

We perform the transformation
S(t)=J yi(o)do s"=s(1"),s(1)=0 (35)

so that ey’ ™"y = 8§ = &. Furthermore, we identify y(t) = y[¢(s)]. According to [30]
we have the transformation formulae

1 (= ) ,
K, (y", ¥ T)=mJ’ exp(—iET/h)G,(y",y'; E)dE (36)
G\(y" y, E)=i J' Ry(y", y'; s") exp(—is"E,/ h) ds” 37
0

where the transformed path integral K, is given by (note that due to the time transforma-
tion the factor v y'y” has been cancelled)

m N/2 N x
I& "oyt s = 1 d (j)
A (V"5 ¥ s") = lim (27ri6‘h) 11 J‘ y

N j=t Jo

iN(m .. m .. _E
xexp|~ T (=t 5L o2yl 45— )]
exP[h,Z::, (23 ¥ 2 @Y TR

mw /y/yu ( mw R 5 ) ( mwyryu )
- _ 24 ” t H I 38
ihsinws’ P\ 2ih 7y cotws” |1, ih sin ws” (38)

with 8 = 5"/ N and v =V} —2mE/ #°. Here the well known path integral identity [35-37]

J Dr(t) . [r*] exp(i—m J‘[ (PP —w?r?) dt)

2h ),
movr'r” mw . mor'r"
= -+ twT || —— 39
ih sianeXp< Zih(r r") cotw ) (lh smwT) (39)

for radial path integrals has been applied with the functional measure u,[y’]
N . .
o [y?]= lim T w,[yV7"y"]
=0 .

N /2 mmylmD 0N 172 SRV TNG) myU=D5,0)
= lim (—Z—-Z-—y) exp(— Yy )Ip( y_J ) (40)
1

N ;o ieh ieh ieh

in order to guarantee a well defined short-time kernel [21, 37, 38]. I, describes a
modified Bessel function. The path integral (34) has thus been transformed into the
path integral of the radial harmonic oscillator. The sign of the square root must be
chosen in such a way that

(i) for E<#?/8m: v =+v—2mE/#” to guarantee the vanishing of the short-time
kernel K, for y™V, 0 in a powerlike behaviour;

(ii) for E > #?/8m: v = —iv2mE/#?—1to guarantee that the Green function G, (E)
is the correct (retarded) one. Here one usually inserts E » E +ie (e >0) whenever
necessary, in order to deal with well defined formulae.
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We now obtain for G,(E):

G( ., , E)—mw /y/yu'(‘x dsrr I( mwylyr/ )
ALY EIE h o sin ws” “\i# sin wo”
mo . E

X exp(—ﬁ (y?+y") cot ws” —is" f) (41)

Performing the transformation u = iws”, a Wick rotation and the second transformation
sinh v = 1/sinh u, we obtain finally (y"=y')

e N —E,/ hw
G, (y", ¥y, E) =%\/y'y” ‘[ dv(coth %)

0
m
X exp< —22;3 (y'2+y") cosh v> Iy<?w y'y" sinh v)

I3(1+ v+ E,/fw)] (mw 2> (mw ,2>
= W_ A W,V - y” M— A w,v/2 - y (42)
/——y/y”wr(l-\‘—y) Ey/2h0,v/2 4 E,/2hw,v/ A

where use has been made of the integral representation [39, p 729]

oc R 2v +b
“’ (coth %) exp(—a—z— t cosh v) L, (tVab sinh v) dv

0

_ LGtu-v)
S TVabT (132 Venlat) M (o). )

Here the W, ,(z) and M, ,(z) are Whittaker functions. Thus the complete Green
function for the oscillator-like potential on the Poincaré upper half-plane is given by

G(x",x',y", y, E)

TA(1+v+E,/#h
=f AE V()Y () L B/ Ae)]
Vy'y'wl(1+v)
mo mew
X W—EA/zm,y/z("h"y Z)M—EA/Zhw,u/Z(Ty 2)- (44)
Poles occur in G, (E) for

E
1+v+—2=-2n neN,. (45)

hw

We have to distinguish between two cases:

(i) E, > 0: for positive v the right-hand side is always positive and (45) allows no
bound state solutions with E < #%/8m at all;

(ii) E, <0: bound states with E < #°/8m exist and energy levels are given by

ﬁz hZ SE/J 2
E =— 1 (22 9y
"“8m 2m(ﬁw 2n 1) (46)

with n=0,1,2,..., Ny <|E,|/2hw —3.
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For the case (ii) the bound-state wavefunctions can be calculated with the help of
the Hille-Hardy formula [39, p 1038]:

A2 x+y 1+1¢ 2V xyt
exp| — ‘ I,

1—1¢ 21—t 1-t
_ § _’"_”_!_(xy)A/ZL;“(x)L‘,,“( ) exp[—3(x + )] (47)

o (n+A+1)

where the L,(A) are Laguerre polynomials. Inserting (47) into (41) and taking the
residuum at each nth level yields the bound state contribution of the Green function
as follows:

N
M \p" ' \I,n "
G(bound)(x//’ xr’ yn’ yr; E) - h J. dE,\ \PT(X,)‘I’A (xu) (y ) (y ) (48)
n=0 E,-E
with E, as in (46) and the wavefunctions
2n!(|Eyl/ ho —2n—D)y\'me )\ 'Ex/2remn-12
\I,A,n(xy }’)=< | A‘ y) —yz)
T(|E,|/ hw —n) h
mo mw
xexp(—gy )L(E al/ ho =20~ ”( 5 )‘I’A(x). (49)

To calculate the continuous spectrum we insert into the Green function G(E) the
dispersion formula

R
ﬂI_"‘th:/h —-1/4

_[* pLi(2)dp
(2)= L (p7+1)—2mE/ 1

instead of performing the s” integration by means of (43). This relation is discussed
in appendix 2. We obtain

G(Cont)(xu’ x!’ yu’ yl’ E)

_m /yrynJ'
Ci#

(50)

~E,/hw
dE, ¥¥(x"\V¥, (x”)J coth )

, I, ((mew/#h)y'y"sinh v) d
X X < (3 +y") cosh )J P(p D ysz/hz P

" R p sinh 7p dp
J BRI (")J (W/2m)(p*+H)-E

TE/ne mao 2 2
coth exp —H(y +y") coshv

XK,,,\ y'y"sinh v>

* inh 7p dp
=# | dE, ¥3(x)¥ J £22
Jam voman [ Gl
1 EN\TPP h
X I’[ <1+1p+—)] _—
2 ﬁw 27sz(l) /y!yu

mw mv
x W_E»\/2ﬁw,ip/2< P Y )W E,\/211w|p/2< P J’"2>. (51)
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Here use has been made of the integral representation [39, p 729]

o 2x
J (coth g) exp(—g—? t cosh v)K#(t\/a_b sinh v) dv
_I(+p)/2-x)I(1 -u)/2-x)
2tv/ab

The representation (51) shows clearly that G(E) has a cut on the positive real axis in
the complex energy plane with a branch point at E = #%/8m. From (51) we immediately
read off the energy spectrum and the normalized wavefunctions

W, u2{at) W, .(bt). (52)

w [, 1)
= +- 53
E, Zm(p 4 (53)
k psinh 7p V2 M ) E me
‘I’p,A(X,}’):(_mw ___21r_2-y_) r 5 1+1P+h_:) W—EA/Zhw,ip/Z _h y2 ¥, (x). (54)

The orthonormality of the wavefunctions (49) and (54) can be shown by the two
relations for the polynomials

nla R
—_ u (a) (x)
T 1)L e “ur LY (w)Ly (u) dy

nta “du
=—_F(n+A +1)J 7 Wn+(A+1)/2,A/2(u)Wm+(A+1)/2,A/2(u) =0pm (55)
0

and the scattering states

s/;Jp’ sinh #p sinh wp’
47’

T[3(1+ip+b)IT[H(1—ip'+ b)]
“ du
X J‘O F Wipr2(t4) Wy 2(u) =8(p—p). (56)

These relations are discussed in appendix 1.
Therefore we obtain the path integral solution for an oscillator-like potential on
the Poincaré upper half-plane

K(x" x',y",y", T)

NM
=J‘ dEA( 20 exp(—1E, T/ h)¥¥.(x, y ¥, .(x", y")

+'[ dp exp(=iTE,/ h)¥,(x', y)¥, ,(x", y")) (57)

0

with wavefunctions (49) and (54) and energy spectrum (46) and (53), respectively.

3.2. The coordinate transformation

For the second approach to calculating the path integral (34), I perform the coordinate
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transformations g =Iny and 2g > §=gq:
Ki(q",q'; T)=K\(e",¢"; T)

"vq" kT M \NEIN (=
=%exp(q 9 —l—) lim( ) T dq"’

4 8m N->x 27Ti£h j=1 J -
i ¥N/M . M ’ )
X exp{—f;}él (-2-3 A%gV - 8—2- 0% e ~ 5E, e ))jl (58)

Here M =m/4 and Q = 2w. The additional factor exp(—ihT/8m) is, of course, due to
the nonlinear transformation and can be derived by the identity

im A%YY  im . .
_ Agt/2) - —AgY /72
2eh y(,-x)y(,) 2he [exp(Ag"'/2) —exp(—Aq’/2)]
_dm oM e
2eh - 1 T2aien " 1
L dm o ik 5
2¢h - 1 " 8m (59)
where use has been made of the identity A*q"’ =3(i6h/m)* (e.g. [18, 20,25]) and I
have used the symbol =-—following DeWitt [18]—to denote ‘equivalence as far as

use in the path integral is concerned’. This path integral is now the path integral for
the Morse potential, which is actually calculated by the radial path integral identity
(40). The path integral solution for the Morse potential (M) has the form [17, 28, 40, 41]
(k>0)

i : m '2_h2k2< 2q9 _ __b_ q>] }
J‘ 2q(t) exp{ﬁ L [2 -5 \e 2 Py dt

N,

= T exp(<iTEM /MW (g% (x")

+J dp exp(—iE, T/ #)¥ M (x) ¥ M(x") (60)

0

where the bound-state wavefunctions and the energy spectrum are given by

R o ey I R

x exp(—k e?) L2 72"V (2 k e9) (61)
E(,,M)=—§(§—n—%>2 n=0,1,..., Ny<b/h-1 (62)
For the continuous spectrum one has

vM(g) = (2%2)1/21“(@ —%*—%) e 2 W,,(2k e9) (63)

with E, = #’p?/2m. Inserting this solution, performing the substitution p - p/2 in the
continuous spectrum, the results of (48), (51) are easily reproduced.

Let us make some remarks concerning the condition E, < #>/8m in order that
bound states can exist. We can look at this feature in two different ways.



4896 C Grosche

(i) The bound state condition (45) quite clearly allows no bound states for E, >
#?/8m. Calculating wavefunctions with the help of the Hille-Hardy formula neverthe-
less yields

2n!(E,/hw+2n+1)y )1/2<_r_n_w 2)—i(EA/ﬁw+2n+l)
T(n+1-i(E,/fw+2n+2)] PR

x exp(—% y2>L[n—i(EA/ﬁm+2n+l)]<$ y2> (64)

‘If“’(x,y)=<

which are not normalizable to unity with respect to the scalar product (14). This feature
is well known and is due to the singularity of the potential V= A/r in a path integral
like (38). For A<—#?/8m the potential is too strong and a particle moving in the
field of such a potential with E <0 ‘falls into the centre’ [42]. However, as Case [43]
has pointed out, it is possible to construct ‘quasi-bound’ levels with energies E, » —c©
corresponding to a particle which drops stepwise into the coordinate origin.

(ii) On the other hand, we see quite clearly the condition (45) arising from the
path integral (58). For E, > 0 the Morse potential has no potential trough at all which
could be able to produce bound states. Only for E, <0 such a potential trough exists
and thus bound states are allowed.

4. The Coulomb-like potential

In this section we study the quantum motion of a particle with mass m corresponding
to the classical Lagrangian

.2 )
L. mx°+y a
Lo(x, y, x,y)=3 I —yz( V(x)+———2my> (65)

where « is a positive or negative constant. To formulate the path integral on U, I use
the product form

K(x//, xl’ yll’ yl; T)

N N-1 x o (j})

m i dy

= lim d (J)J j
Nowx (27ri£f1) jl;ll J'-oc * o yU7?

i N ma*xV+A%Y U o @
><exp{-%g1 [5 —ey”_”y”) —ey" <V(x J )+2my(”) } (66)

I proceed similarly to the previous section and separate variables according to (29),
yielding

K", x',y", ¥ T) =J dE, ¥I(xWW. (x") Ky (y", ¥ T) (67)

with the path integral K,(T) given by

N/2 N1 oC (1)

. m d

K"y T =vy'y" hm( ) HJ >
4]

[

N~ 271'1€h j=1 y
i Y (m Ay @ 2
Xexp[;jgl (Zm—smy’ —¢E,y" ) . (68)

Again we can calculate this path integral by two different methods.
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(i) The same time transformation as in section 2, yielding effectively the path
integral for the Coulomb potential.

(ii) The coordinate transformation g =1n y.
In the first case we obtain, similar to (38),

. m N/2 N1 ax 0
K =i dyY
A,y ") = lim (27”5,') ,»131 L y

.

Xexp[l P (25 Aty — 2mc;u>+5%)] (69)
and the path integral solutions for the Coulomb potential [13, 33, 44-47] can be applied.
As for the Morse potential, the path integral calculation for the Coulomb potential is
based on the identity (39). This justifies the notion ‘Coulomb-like’. We obtain for the
second method again the path integral for the Morse potential with V(g)=
(h*k*/2m)[e* + a €7/ (hk)?] and #’k*/2m =E, :

Ri(q.q; T) =K (e",e"; T)

"+q" ihT
=exp<q 2q -EHT) J Dq(t)

[ e}
XexP{hJ,r[zq 2m \& T )4 (70)

Using the solution for the Morse potential yields
K(x!/’ xl’ yl/’ yl; T)

N'W
=J dEA( go exp(—iTE,/ )W, (x", Y)W, A (x", y")

+J dp exp(=iTE,/ h)¥ ¥ (x', y)¥, ,(x", y”)>. (71)
The wavefunctions and energy spectrum are given for the continuous states
psinh 27p\'? /1
\I/A,p(x’ y)=(—277_T) r 2+1P+ (flk) W—a/Z(ﬁk)z,ip(zky)\yA(x) (72)
hz
2 1
Ey =0 (p™+3). (73)

For the bound states we obtain similarly (n=0, 1,..., Ny <3(a|/(hk)*—1))

_J(el/(hk)*=2n—1)n!
Yan(® y) = \[47rlk|l“(|a/(hk)2| -n)

X e ™F (2key) el (MR Pon el (RkP=2n=D () p N () (74)
K[ |a 1\’
E,=————\F75-n-2).
iy 2m<2(hk) " 2) (73)

Bound states can only exist if « <0 and E, > 0. Of course, both alternatives (i) and
(ii) lead to the same result and it remains a matter of taste which one is actually chosen.
The connection between the path integrals (34) and (69) shows once again the close
connection between the solutions of the Morse potential, Coulomb potential and the
radial harmonic oscillator, which is, of course, due to the fact that the corresponding
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Schrodinger equations can be reduced to the differential equation for the confluent
hypergeometric function.

5. Summary

In this paper I have discussed how to separate variables in path integrals. We perform
in a given path integral a time transformation in such a way that a separated path
integral emerges so that we could insert its solution. Performing a second time transfor-
mation which was the reverse of the former, the original problem was reduced by the
separated variables. However, the energy of the separated problem now occurs as a
potential term in the remaining path integrations.

In addition I have illustrated the method for specific potential problems on the
Poincaré upper half-plane, which I have called oscillator-like and Coulomb-like.
Equivalently, both problems could also be formulated in terms of the Morse potential
path integral. For the oscillator-like potential we found a sensitive dependence on the
corresponding one-dimensional potential problem V(x), which has been included and
left open in its specific shape in order to be as general as possible, Bound state levels
can only exist if the potential V(x) has negative energy levels. As is known, the
Hamiltonian on U with a positive potential V(x, y) has as lower bound

hZ
H=H|,_,>—=H,. (76)
8m
This can be seen if one considers, for example, the classical Hamiltonian corresponding
to the Lagrangian L and inserts the Heisenberg uncertainty relations xp, = #/2 and
yp, = h/2. Thus a negative term is needed to lower the energy of the Hamiltonian
below the critical value H,.

The same job of changing the lower bound of H is done in the case of the
Coulomb-like potential by the Coulomb term itself, so that o <0 is required. Here in
turn, E, > 0, so that just the opposite of the previous case is needed (otherwise k* <0
and therefore k is purely imaginary). Of course, all the results can also be achieved
by solving the corresponding Schrodinger equations, as is easily checked.

Most clearly these features appear after the coordinate transformations in the two
cases, where both problems are transformed into Morse potentials and the effective
shape of the trough of the Morse potential determines whether there are bound states
or not.

The two potential problems on the Poincaré upper half-plane have been studied
on the one hand to illustrate the method of separating variables in path integrals, and
on the other to gain some insight into the features of hyperbolic geometry. Of course,
they are simple examples. The power of the separation technique can be even better
illustrated by looking at some recent path integrations by, e.g., Carpio-Bernido et al
[1], where potentials with axial symmetry are considered, as well as Chetouani et al
[2] in a path integral treatment for the Dyon. These authors perform quite reasonable
and formidable transformations to tackle these problems and actually separate variables
(e.g. the angular from the radial path integration). Here the separation formula (29)
comes into play, making these problems in its very evaluation quite easy.

Another less simple example for the application of the separation formula (29) is
the path integration on the SU(n -, v) (n> v, n = 3) group manifold. Formulated in
an appropriate polar coordinate system, this problem gives rise to at first sight rather



Separation of variables in path integrals 4899

involved angular path integrations, which, however, can be successively performed by
applying formula (29) in a straightforward way [48].
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Appendix 1. Discussion of the Orthonormality of the Wavefunctions

I only consider the wavefunctions for the continuous spectrum of the oscillator-like
potential explicitly. The orthonormality of the corresponding bound-state and con-
tinuous wavefunctions of the Coulomb-like potential is treated similarly. Inserting the
wavefunctions (54) into the scalar product (14) yields

¢ Cx:d
j dx J y—);\lf/\)p(x’ y)\pf',p’(X, )’)

- 0

T((1+ip—-b)/2)T((1
47’

=5)‘.)‘,

—ip'—=b}/2
P }/2) \/pp’ sinh 7p sinh wp’

* du
XJ' — Woip2() Wy 0(u) (A1.1)

Q u

where I have changed variables (mw/#)y*~> u and abbreviated b = —E, /2 ho. Sia is
shorthand for the orthonormality of the functions ¥,, whether they are discrete or

continuous wavefunctions. The remaining integral can be evaluated with the help of
[39, p 858]:

Jw x°! W, . (x)W, (x)dx

0
_F(l+p,+v+p)r(l—,u.+y+p)r(-2v)
FG-A-v)IG-k+v+p)
X3F(l+pu+v+p l—p+v+pi—-A+v;, 1420, 3~k+v+p;1)
+F(1+/.L—V+p)r(1—,u,—V+p)F(2V)
FTG=A+v)IG-k—v+p)
XsF(l+u—v+pl—p—-v+p3—-A—v;1-2p,3~k—v+p; 1)

(A1.2)
Setting p=e~1 (e« 1), k=A=b, u=ip and v=ip’, I obtain
©d
leifg L -uz_i Wb‘ip/Z(u) Wb,ip'/Z(u)
) T(ip)I(=ip)
F((1+ip-b)/2)T((1—ip'=b)/2)
xlim {[[e +(i/2)(p ~ p)]+TLe = (i/2)(p — p')]}
. 2
=4ﬂ| Lap) V5, pn. (A13)

C((1-b+ip)/2)
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In the above calculation I have used the fact that in the limit £ » 0 the function ,F;
changes into ,F;, which can be evaluated at z =1 with the help of [39, p 1042]

L _HI(c—c-b) .
2Fl(aa b1 (48 1)_I‘(C—a)r(c-b) € 0 (A1.4)

for c=1+ip’, a=¢e+(i/2)(p+p’) and b=¢+(i/2)(p'—p). Combining (Al1l.3) and
(A1.4) shows finally the orthonormality relation (56). Due to the relation (55) the
orthonormality of the wavefunctions (49) is shown similarly.

Appendix 2. Proof of the dispersion reiation (50)

We consider the complex contour integral (let E, A > 0)

ZI—iz(/\) . < ZI—-iz(A) )
S 4z = 2 Res| it A2.
SEC Fei-amE/n IR T e (a2.1)

where its value is given by the residuum theorem. A slightly different discussion of
this integral was already given in [17]. For the poles in the complex plane we choose
the convention E » E +i¢, (0 < e« 1 so that the poles of the integrand of the integral
(A2.1) are located at z; =v2mE/#*~3+i8, z,= ~V2mE/h*—1-i6 (0< 8 =8(e)« 1).
I take for C the closed contour

C,{z=p pe[-R, R]
lz=Re® d€(0, 7)

and consider the limit R > 0. If it can be shown that the integral over the semicircle
vanishes; I obtain

r pl_,(A)dp
P +i=2mE/h?

which is the integral we need. For the integral over the semicircle we obtain for R finite

(A2.2)

—'177'1_Wm()\) (A2.3)

™ 2
. el e""(’\) do
lIsemicirclel = 1R2J R2 e2i% RL 2
0 € +4_2mE/h
< ot . .
2m max |Lire#(A)] (A2.4)

With the asymptotic expansion of the modified Bessel function [49, p 122] for high order

(1+2z%)71/4 (
I(vz)=——"—exp| vWl+z2’+vIn——— V>0 A2.5)
V2my 1+vV1+2? (

we see that the main contribution comes from the factor e”'™™*, Inserting the relevant
terms, I get

1/2
ks
I Isemicircle| = <_)
R

xexp[—Rsin¢(InR—-InA)+10R]->0 ¢de(0, ), R>0. (A2.6)

Thus the integral (A2.4) vanishes in the limit R -0 and therefore (A2.3) is proven.
Note that if the + sign is used in I.;, one has to replace E > E —ie (0<e < 1), which
leads to an advanced Green function.
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